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Abstract 

Let n > 1 and let p be a prime. Expand j G [0, p^—l]\{p) p-adically as j = J2s>o '^sV^ 
with as € [0,p — 1]. The #([0, j]\(p))th Z(p) [(^pn]-hnear elementary divisor of the 
cyclotomic Dedekind embedding 

ig{Z/p")* 

has valuation 

-1 + ^ {as{s + 1) - as+i{s + 2)) / 

s>0 

at 1 — . There is a similar result for the related cyclic Wedderburn embedding. 
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0.1 Objectives 

In this note, we consider an extension of discrete valuation rings S* C T, with s E S and 
t eT generating the respective maximal ideals. Let K be the field of fractions of 5*, let 
L be the field of fractions of T and assume L over K to be finite galois of Galois group G 
of order m = Moreover, assume T = S['d] for some d eT. We restrict the Dedekind 
isomorphism 

l®kl ^ 

the injectivity of which ensues from Dedekind's Lemma, to the locally integral situation 

o-gg 

This embedding is no longer an isomorphism in general; in fact, the square of its T-linear 
determinant is just the discriminant of T over S. Being a T-linear map, we can ask for 
its elementary divisors, or, more precisely, for an elementary divisor diagonalization. 

Once such a diagonalization obtained, we may use the image of T ®s T inside IIctgg^) 
instead oi T ®sT itself, to calculate Hochschild (co)homology of T. For instance, we 
may ask for these (co)homology groups with coefficients in T, equipped with a galois 
twisted T-T-bimodule structure (the untwisted case being due to M. Larsen and A. 
LiNDENSTRAUSS [LL 92, 1.6.2] and to the Buenos Aires Cychc Homology group [BACH 
91, prop. 1.3]). 
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The cyclotomic Dedekind embedding shall be studied in more detail, where T = Z(p)[Cpn] 
and S = Z(p), for n > 1, p a prime, and where, in general for m > 1, denotes a 
primitive mth root of unity over Q. 

This cyclotomic case leads to a related question, which is to give an elementary divisor 
diagonalization for the cyclic Wcddcrburn embedding. Given m > 1, and letting 
denote a generator of the cyclic group Cm of m elements, this embedding results from 
restricting the rational Wedderburn isomorphism 

Q(Cm)C„ — n Q(Cm) 
je[0,m-l] 

Cm I ^ (Cm)je[0,m-1], 

to the integral situation 

Z[Cm]Cm ^ n 

je[o,m-i] 

which is likewise no longer an isomorphism for m > 1, the square of its Z[C^]-linear deter- 
minant being ±m"*. Now the cyclotomic Dedekind embedding may be viewed, considered 
as a diagram, as a quotient of the corresponding cyclic Wedderburn embedding. 

This consideration in turn gives rise to the question for a closed description of the image 
of the cychc Wedderburn embedding in the absolute case, i.e. of 

zcm ^ nzy 

d I m 

Cm I ^ {Cd)d\m- 



0.2 Results 



0.2.1 Hochschild (co)homology with twisted coefficients 



We choose a total ordering on G, (ctq, . . . , Cm-i); in such a way that ctq = It, and such 
that 

ie[o,i-i] ie[o,i-i] 

for each j G [0, m — 1] and each /c G [7 + 1, m — 1], where Vt denotes the t-adic valuation. 
Let Ti denote T, considered as a T-T-bimodule with untwisted left multiplication and 
(jj-twisted right multiplication by T. Let </? := '}lke[i,m-\\ '^t{'& — '&'^'')- 

The Hochschild homology of T, over the ground ring S and with coefficients in Tj, i G 
[0, m — 1], is given in dimension j > by 



and by 



Hj{T,To;S) 



Hj{T,Ti;S) 



T for j = 
T/f^T for j odd 
for j even, j >2 

for j odd 

T - ■§)T for j even 
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for 2 G [1, m — 1]. The Hochschild cohomology is given by 

T for j = 
H^{T,To;S) ~ <( for j odd 



and by 

H'{T,Tf,S) 
for i e [l,m- 1] (fTTTj) . 



T/t^T for j even, j > 2 

J T/i^"^ - d)T for j odd 
I for j even 



0.2.2 Elementary divisors of the cyclotomic Dedekind embedding 

Let n > 1 and let p be a prime. Expand j G [0,p" — p-adically as j = I]s>o '^sP'* with 
ttg G [0,p— 1]. The #([0, j]\(p))th Z(p)[Cpn]-linear elementary divisor of the cyclotomic 
Dedekind embedding 

SpTl 

Z(p)[Cp"] ®Z(p) Z(p)[Cpn] (_ nie(Z/p")* Z(p)[Cpn] 

where k, I G [0,p"~^(p — 1) — 1], has valuation 

-1 + ^ (a,(s + 1) - a,+i(s + 2)) 

at 1 - Cp" (EH). 

0.2.3 The cyclic Wedderburn embedding 

Expand j G [0,p" — 1] p-adically as j = Z]s>o'2sP* with G [0,p — 1]. The (j + l)st 
Z(p)[Cpn] -linear elementary divisor of the localized cyclic Wedderburn embedding 

Z (p) [Cp" ] C'p" ^— ^ n j e z/p" Z (p) [Cp" ] 
Cpn I >- iCp'^)jez/p" 

has valuation 

^(os - as+i)(s + 

at 1 — Cp" ()3.15p . We can render this result a bit more precise and a bit more general, in 
that we can diagonalize the cyclic Wedderburn embedding 



Cm I ^ iCrn) j€Z/m 
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for m > 1, regardless whether Z[(m] is a principal ideal domain ()3.8p . For / G [0,m — 1], 
the (/ + l)th diagonal entry becomes 



nie[l,«](l ~ Cm) 

0.2.4 The absolute cyclic Wedderburn embedding 

It suffices to consider the primary parts of m separately, i.e. we may assume m = (cf. 
I5.18|) . In this case, the absolute cyclic Wedderburn embedding is given by 

jG[0,n] 

Cpn I (CpOie[0,n]- 

We derive from the pullback of Kervaire and Murthy [KM 77] the following triangular 
system of ties, i.e. of congruences of tuple entries, that describe its image. 

Let if denote Euler's function. For m > 1 and j G Z, we let [j]m € [0, m — 1] be such 
that [i]m =m j- Let d denote Kronecker's delta. The image of the absolute Wedderburn 
embedding is given by 

(ZCpn)a;z,pn = < I ^ ^j,jCp» ) ^ Z 

I Vje[o,^(p>)-i] y.gp^^j 

for / G [l,n] and j G [0,ip{p"'''') — 1] we have Xn-ij =pi E p'^^ 

iG[0,/-l] 

fce[l,p-l] 

^ n z[Cp«]- 

iG[0,n] 

The elementary divisors of a;z,p" over Z are given by with multiplicity ip{p^~'^) for 
i G [0,n] dSm. 

Kleinert gives a system of ties that describes the image of the absolute Wedderburn 

embedding ZC^ Yld\m Z[0] in terms of certain prime ideals of the rings Z[(^J, d\ra^ in 
case m is a positive squarefree integer [Kl 81, p. 550]. In loc. cit., this description is used 
tool to study units in dihedral group rings. 
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Notation 0.1 

a h ab 

(0) Composition of maps is written on the right, — >- — ^ = — >- . 

(1) If (/3 is a map of A-modules, A a commutative ring, and p a prime ideal of A, we sometimes denote 
the locahzation ipp merely hy ip. If m > 1, we denote the ring of m x m-matrices with entries in 
A by {A)ra- 

(ii) If X, y are elements of some set, we let dx,y := 1 if x = y and dx,y := if x ^ y. 

(iii) For integers a, b, we denote [a, 6] := {a; € Z | a < a; < 6} and [a,b[:= {x G Z \ a < x < b}. 

(iv) For a, 6 > 0, we let the binomial coefficient (ft) be equal to zero if & > a. 

(v) Let (gi = (gz (i-e. (8 = (8>q over Q). 
Let m > 1. 

(vi) For a prime p, we let m[p] := p^ff™) denote the p-part of m. 

(vii) Let (fi denote Euler's function, <^(m) := 'mYlp^^{l — p~^). Let ^^ni^) denote the m-th cyclotomic 

polynomial, i.e. the irreducible factor of X™ — 1 € Q[^] that does not divide X"^ — 1 for any 
m'\m, m' ^ m. Hence deg^m{X) = (p{m). 

(viii) Let („i denote a primitive mth root of unity over Q, with minimal polynomial /i^^_Q(T) = ^m{T). 
Let Cm denote a generator of the cyclic group Cm of m elements. 



1 Vandermonde 

We diagonalize the polynomial Vandermonde matrix rationally. Specializing under the 
assumption that the diagonalizing matrices become integral, we obtain an elementary divisor 
form, i.e. a diagonal matrix in which each subsequent diagonal entry is divisible by its 
predecessor. 

1 . 1 Diagonalization of Vandermonde matrices 

A hint of T. ZiNK how to simplify our previous efforts led to the approach in this and in 
the next subsection. 
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Notation 1.1 Let m > 1. Let x = [xq, ■ ■ ■ ,Xm-i) be a tuple of indeterminates, let 
a, 6 e [0, m — 1] and let o? e Z. We consider in Z[xo, . . . , the symmetric polynomials 



^d,[a,b] 
Ed,[a,bl 

In particular, we have 



E 





E 





if d < 

if d < 0. 



-Pd,0 = ddfi 



Moreover, for i e [0, m — 1] we denote 

Vi ■■= n {xi-Xk)^ (-l)'"^^i-j,[o,i[2;i, 

ke[o,i[ ie[o,j] 

considered as element of Z[xq, . . . ,Xm-i]- For i,j e [0, m — 1], we denote the Lagrange 
interpolation function by 

f Ilkem\{i}i^j - ^k) ^^-^j 
Li,j •■= I Ilke[o,j[\{i}{xi - Xk) , 
[ if i > j 



and as a variant 



nfee[o,j[(^j ^k) 

''' llke[0,i[{^i ~ ^k) 



considered as elements of Q(a;o, . . . ,Xm-i)- These polynomials furnish the matrices 

I (<9jj)ixje[0,m-l]x[0,m-l] 



= [X, 



ixje[0,m— l]x[0,m— 1] 



— (-^i,j)ixj6[0,m-l]x[0,m-l] 
j)jxje[0,m-l]x[0,m-l] 
~ (-^i-i,[0 j] )ix je[0,m-l] X [0,m-l] 
Ex '■= "'-E'i-i,[0,i[)ixje[0,m-l]x[0,m-l] 
'■— {9ijyi)ixjel0,m-l]x[0,m-l] 

in {Q{xo,...,Xm-l))m- 

Lemma 1.2 For < a < b < m and d & Z, we have 

Pd,[a,b] — Pd,[a+l,b] + XaPd-l,[a,b] — Pd,[a,b-1] + XbPd-l,[a,b] 
Ed,[a,b[ — -E'd,[o+l,6[ + XaEd-l,[a+l,b[ — -£'(i,[a,6-l[ + 2^6-£'<i-l,[a,6-l[, 

where for the second equation, we stipulate in addition that a < b. 
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Lemma 1.3 For i,k E 7i and < a < b < c < m, we obtain 

'^{ — ly Ei^j^[a,c[Pj~k,[a,b] = ( — l)''-E'i-fc,[6+l,c[- 

iez 

In fact, 





Ejez( 




[a+l,c[Pj—i, 


[a,b] 


+ 


Ejez( 




-j-l,[a+l,c[ 


Pj~i,[a,b] 




Eiez( 


-^yEk^,, 


[a+l,c[Pj—i, 


[a,b] 


+ 


Eiez( 


-ly-'Ek^ 


- j ,la+l ,cl-^ a 


Pj~i~hV 




Ejez( 


-^yEk^j, 


[a+l,c[Pj~i, 


[a,b] 


+ 


Eiez( 


-ly-'Ek- 


-j,[a+l,c[Pj 


—i\a,b] 




Eiez( 


-ly-'Ek- 


-j,[a+l,c[Pj 


-i,[a+l,b] 




Ejez( 


-^yEk-j, 


[a+l,c[Pj —i, 


[a+l,b]- 



Lemma 1.4 We have E^Px = I- 

Given i,k E [0, m — 1], we may assume i > k and obtain 



{ExPx)i,k — EjG[0,m--l](~l)* Ei-j^[o^i[Pj-k\0,k] 

= 0. 



Lemma 1.5 We have Mx{I — Lx) = I- 

Given i,k E [0, m — 1], we may assume i < k and need to show that 

je[i,k[ 

This expression being an element of Q(xo, . . . ,Xk-i,Xk+i,Xm-i)[xk] of degree in Xk less 
than k, we are reduced to plug in Xk = xi for I E [0, k — 1]. 

Lemma 1.6 We have ExVx = YxMx. 
Given i,k E [0, m — 1], we have 

ie[o,m-i] je[o,j[ 

Proposition 1.7 We have ExVx{I — Lx) = Yx- 
This follows from (fT31in)|l . 

Remark 1.8 We have Vx = PxYxMx- 
This follows from (jTHfTHI) . 
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Example 1.9 Letting m = 4, we obtain 





1 










-Xo 1 










xqxi -(xo+xi) 


1 







X0X1X2 2;o^l+2;oa;2+3:i2;2 


-{xo+xi- 


^X2) 1 


1 













{xi-xo) 










ix2-Xo)(x2-Xi) 







_0 





{x3-Xo){ 


X3-X1) 



1111 

Xo Xi X2 X3 

2 2 2 2 
X^ X^ X^ X3 

'■a 



(^3 


-xi){x3 


-3=2) 






-3=2) 


(^3 








-a:Q)(xi 






-^0)<=^3 


-xi) 


(2:2 







1.2 Elementary divisors of Vandermonde matrices over discrete 
valuation rings 

Setup 1.10 Let T be a discrete valuation ring with fraction field L = fracT. Let t & T 
be a generator of the maximal ideal, and let Vt be the according valuation. 

Definition 1.11 Let m > 1. Given a tuple ^ = (^o, • • • ,^m-i) of pairwise distinct ele- 
ments of T, we say that ^ is minimally ordered, if 

iG[Oj-l] ie[0,j-l] 

for each j e [0, m — 1] and each k G [j ' + 1, m — 1]. Note that any tuple of pairwise distinct 
elements of T can be reordered (non-uniquely, in general) to a minimally ordered tuple. 

Lemma 1.12 If ^ is minimally ordered, then G (T)^ (cf. In particular, the 

{i + l)st T -linear elementary divisor of V^, where i E [0, m — 1], has valuation 

E 

iG[0,j-l] 

By ()1.5|1 . is contained in (T)^ if and only if is contained in {T)m- The assertion 
on the elementary divisors now ensues from ()1.7|) . 

Setup 1.13 Let S* C T be a finite extension of discrete valuation rings, with fraction 
fields K := fracS* and L := fracT. Let s G and t G T be generators of the respective 
maximal ideals, and Vg and Vt the respective valuations. Assume L over K to be galois of 
degree m = [L : K] with Galois group G. Assume that 

T = S[^] 

for some -d eT . Choose an ordering 

[0,m-l] ^ G 
i I — CTj 

such that the tuple r := . . . , ^"""^-^^ is minimally ordered, starting with ctq = It- 
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Proposition 1.14 For i,j G [0, m — 1], we let Li j{T) denote the specialization of Lij 
along x\ — -t (of. li.i)) . The following assertions hold. 



(i) The {i + l)st T -linear elementary divisor, i G [0, m — 1], of the Dedekind embedding 



T 0s T 

X ® y 



°T/S 



{.xy")a&G 



has valuation 



ie[o,j-i] 



In particular, (v?j)ie[o,?n-i] does neither depend on the choice ofd nor on the minimal 
ordering chosen on r. 

(a) The image ofT 0s T under 6t/s, which is an isomorphic copy ofT 0s T, allows a 
description via ties, i.e. via congruences of tuple entries, as 



(T 0s T)6t/s 




= |(^i)jG[0,m-l] 


r]i- J2 VjLj,iiT) e Tt^^ for ^ G [0, m - 1] I 






^ rijGlO.m-l] 





(Hi) A T -linear basis of (T 0s T)6t/s of triangular shape is given by the following tuple 



of elements of Y[j 



ie[o,m-i] 



T. 



Ad (i). This follows from (fTT^ . 

Ad (ii). An element rj of nig[o,m-i] considered as a row vector, is contained in the image 
of 5t/s if and only if its rational inverse image, written as a row vector in the L-linear 
basis (1 , . . . , 1 (g) t^™"!) of L 0k L, is in T 0s T, i.e. if and only if rjV'^ has entries 
in T. Which, in turn, is equivalent to ri{I — Lr)Y^^ having entries in T p.7p . 

Ad (iii). We use ErVr = Y^Mr (US)). 



1.3 A projective resolution of T over T ®s T 

In the introduction to [LL 92], several sources for a projective resolution of T over T ®s T 
are indicated. We give still another alternative way to view such a projective resolution, 
using our isomorphic copy [T ®s T)St/s- We include the case of Hochschild (co)homology 
with galois twisted coefficients, for there a shift in the 2-periodic vanishing of these groups 
occurs when compared to the untwisted case. 
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Notation 1.15 We denote A := (T ®s T)St/s, i-e. 

T ® T ^ A n ^• 

crGG 

For i G [0, m — 1], we dispose of tlie projection map 



i.Vj)jelo,m-i] I — ^ Vi^ 

which is a ring morphism, and by means of which T becomes a module over A, denoted 
byT,. 

If we identify along 5^/5, the module operation of x ® y E T ®s T on z G Tj is given by 
z-{x^y) := xzy'^\ I.e. Tj may be viewed as T equipped with a structure as a galois twisted 
T-T-bimodule. In particular, To may be viewed as T equipped with the structure as an 
untwisted T-T-bimodule, that \s z-{x®y) := xzy. Note that ttq is just the multiphcation 
map. 

In A, we have the elements 

a := (nfce[i,™-i](^-^'^'=),0,...,0) 
b ■= (0,^9'"i - . . . , -^). 

The element a is in A by (jl.l4l ii). and 6 is in A by (jl.l4l iii). The multiplication map by 

a f3 

a resp. by b shall be denoted by A — i-A resp. by A — ^A. 
Lemma 1.16 We have a 2-periodic projective resolution 

of To over A. 

From a6 = we take ajS = and /5a = 0. Moreover, jSno = 0. By (jl.Ml ii). we obtain that 
the image of a equals the kernel of (3. To prove that the image of (3 equals the kernel of 
a (resp. of ttq), means, after identification along St/S: to show that this kernel is T 05 T- 
linearly generated by 6 = 1 ^9 — ® 1. In fact, suppose given J2i£[o,m-i] ® '(9* such that 
Eie[o,m-i] Ui^' = 0, we may write Eie[o,m-i] Ui = Eie[o,m-i] Ui{l O - O 1), and 
1 (g) - (g) 1 is a multiple of 1 (g) - ^9 1. 

Proposition 1.17 (cf. [BACH 91, prop. 1.3], [LL 92, 1.6.2]) 

Let (p := J2ke[i,Tn-i]'^t{^ ~ '0'^''). The Hochschild homology of T , over the ground ring S 
and with coefficients in Ti, i G [0,m — 1], is given in dimension j > by 

{T for j = 

T/t^T for] odd 
for j even, j >2 
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and by 

,^ ^ I for i odd 

^ \T/{§''^ -§)T for j even 

for z G [1, m — 1]. The Hochschild cohomology is given by 

T for j = 
H\T,To;S) - { for j odd 

T/f^T for j even, j >2 



and by 

H^{T,Tf,S) 



j T/id"^ - d)T for j odd 
1 for j even 



for i G [1, m — 1]. 

Tensoring the resolution in ()1.16|) with Tj over A yields the homology. Application of 
HomA(— ,Tj) yields the cohomology. 

1.4 The local ring T ®sT 

Assume i? = t. 

Remark 1.18 The radical of A is given by r A = A fl nig[o,m-i] ^T. In fact, the {if + l)st 
power of this intersection is contained in tK p. 141 ii). And conversely, by ()1.14l iii). this 
intersection has the T-linear basis 

{(t, . . . u {(n..[o.-i]r^ - ^'^'=)),.,[o,™-i] I ^ e [i,m - 1]} , 

whence A/ (AnnjG[o,m-i] ^T) is isomorphic to To/tTQ. In particular, T®sT is a local ring. 
Identifying along 5t/Si a T-linear basis of the radical rA is given by 

Given j G Z, we write j_ := max(j, 0). Suppose given i > 0. A basis of r*A is given by 

(t^ ® 1, ® t, ® . . . , t^!!^ ® r-i). 

In particular, we have 

dmvT/tT r*A/r*+^A = min(i + 1, m). 

Cf. [Kii 99, E.2.3]. 
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2 The cyclotomic Dedekind embedding 

We shall apply 11.1411 to the case of the extension Z(p) C Z(p)[^pTi]. 

Setup 2.1 Let p be a prime, let n > 1. In the notation of ()1.13|) . we place ourselves in 
the situation S = Z(p), s = p, T = Z(p)[^pn] and t = -t} = 1 — Cp"- 

We consider the Dedekind embedding 

SpTt 

Cpu ® Cp" I — ^ (Cp"Cp'Oje(z/p")* 

where k,l G [0,p" — 1]. With respect to the Z(p)[Cpn] -linear basis (1 ® t*)ie[o,(p-i)p"-i-i] of 
Z(p)[Cpn] (g) Z(p)[Cpn] and to the tuple basis on the right hand side, this embedding is given 
by the Vandermonde matrix for r := (1 — Cp")je[o,p"-i]\(p)- 

Lemma 2.2 For i,j G [0,p" — 1] with i ^ j, we have Vt{Qn — Cp") = ~ j)[p]- 

We may assume j = and i = i[p]. Using Vt{p) = {p — l)p'^^^ (resp. using a direct 
calculation if p = 2, i = 2""-^), the congruence Cp" — 1 =p (Cp" ^ 1)* yields ft(Cpn ~ 1) = 

^^t((Cp" - 1)0 = I- 

Lemma 2.3 Suppose given j > 0, and write it p-adically as j = '}Zi>oO'ip\ where ai G 
[0,p — 1]. Then 

26[l,j] fc>0 

Denote left and right hand side of the claimed equation by and r{j), respectively. We 
have l{0) = = r(0). Moreover, for j > 1 we have Z(j) — l{j — 1) = j[p]. If Vp{j) = 0, 
then r(j) — r(j — 1) = 1, so that we may suppose Vp{j) > 1. Writing j — 1 = J2k>o'^'kP^y 
a'j^ G [0,p — 1], we note that = p — 1 and = for /c < fp(j) — 1, a'^ = 0^ — 1 for 
k = Vp{j) and = for k > Vp{j) + 1. Therefore, 

r{,3) - r{3 - 1) = - + 1)/ - " 

fc>0 fc>l 

= (^p(j) + i)j[p] - E - + 1)/ 

fcG[0,i>p(i)-l] 

- Vp(j)jb]/P + E + 

fc6[0,Dp(j)-2] 

Lemma 2.4 Suppose given k > j > 0, with j,k ^ (p). VFhte j = J2i>o<^iP^! k = 
Ez>o (^'iP^> k- j = J2i>o (^'iP\ where ai, a[, a!{ G [0,p - 1]. Then 

E (fc - = -1 + E - - - «;Vi)) + 1) - v'. 

j6[0j-l]\(p) Z>0 



14 



In particular, 

E U - ^)b] = -1 + E + 1) - «m(/ + 2))p'. 
ie[Oj-i]\(p) />o 

This follows by (jTS)) and the remark that E - 0[p] = #([0, j - 1] H (p)) = 

iG[o,i-i]n(p) 

1 + E«;+iP^- 

Lemma 2.5 ifeejj t/ie notation of \2.4\ ), but allow k > j > to be arbitrary. We have 

E {{a'l - a'l - ai) - {a^, - a^, - a^+O) (l + 1^ > 0. 
z>o 

Let f/ := {/ > I a; + < > j9} C Z>o. We obtain 

E - «r - «0 - (aJ+i - <+i - a^+i)) + 

= E(-p)(/+iy+ E E (-p)(/+iy-E(^+iy 

iGi7 «e(7+i leu-i leu 

= E (-(^ + ly^' + + 2y+' + - + ly) 

iGi7 

leu 

Lemma 2.6 T/ie twjo/e r = (1 — Cp")je[o,p"-i]\(p) minimally ordered. 
Using ()2.2|) . we need to see that 

E (j-OM< E 

i6[0,j-l]\(p) *6[0J-l]\(p) 

for j G [OjP'* — and A; G [j ' + — In the notation and using the assertion 

of ()2.4j) this amounts to the inequality 

z>o 

treated in ()2.5j] . 

Theorem 2.7 Suppose given j G [O,^'^ — -^ei A^(j) := # ([0, VFrite 

j = J2s>o'^sP'^ with as G [0,p — 1]. The N{j)th Z(p)[Cpn]-/mear elementary divisor of the 
cyclotomic Dedekind embedding 

Z(p)[Cp"] ® Z(p)[Cp"] C — ^ nie(z/p")* Z(p)[Cp"] 
Cp" ® Cp" I — ^ (Cp"^*Oie{z/p")*, 



where k, I G [0, (p — 1)^"" — 1], has valuation 



-l + J2{as{s + l)-as+i{s + 2))f 

s>0 



at t. 



This follows by (Oi n using (gHOQ- 

Remark 2.8 Plesken gives a system of ties that describes the image of the Dedekind 
embedding case n = 1 [P 80, p. 60]. 
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Remark 2.9 If n = 1, the valuation at t of the determinant of this embedding Sp is 
— {p — 1) + J2ae[i p-i] ^ ~ (P ^ ~ 2)/2. If n > 2, we obtain the valuation at t of the 
determinant of Sp^ to be 

-(p-l)p"-i + E Ml + l)~ai+,{l + 2))p' 

(ai)!e[o,,i-iie[0,p-l]", o„ = 0, ao#0 /e[0,ri-l] 

= -(p-l)p"-i + . ^ (a -26) 

ae[i,p-i], 6e[o,p-i] 

+ 5^ (p-i)p"-3- 5] (a(; + i)-6(; + 2)y 

le[l,n-2] a,be[0,p-l] 
ae[0,p-l] 

= -(p + . ;L)(_p2^2p)/2 

- (p - l)p«-2 . p{p - l)/2 • p(p«-2 - l)/(p - 1) 

= p2"-2(p_ i)/2. 

Hence for n > 1, we recalculated the valuation at p of the discriminant of Z(p)[^pn] over 
Z(p) to be p"-H(p - 1)" - !)■ Cf. [N 91, 10.1] (or|5^ 



Example 2.10 Let p — ?> and n = 2, so that 

T = (1 - Co, 1 - Cg', 1 - Cg', 1 - Cg': 1 " Cj, 1 " Cl) 
As elementary divisors of the Dedekind embedding 



Z(3)[C9] 



/■fc 



where k,l e [0,5], lfT7|) yields 



'(3)[C9] ^ nje(Z/g)* Z(3)[Cg] 
I — *- (C9Cg')je(Z/g)*, 



(i", t\ t\ ^^ t^) 



The determinant of 5g has valuation 27 at t fcf. l2.9l) . By Ijl. 141 111). a triangular Z(3) [Cg]-linear 
basis of the image of 5q is given by the rows of the matrix 



1 1 

-C9+C9 








1 

-C9+CI 



1 

-C9+C9 

1-C|+2C|~2C| 



-2C9-C^ 



1_2C9-2C|+2C;^-C^-C| 2+2Cg+2C|+4C|+C| -I-C9+2C9+C9+C9+CI 



3+6C9+3Cg-3Ci; 3C9+3C^+3Cg+3C5+3C^; 
3C|+3C^+3C| 
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3 The cyclic Wedderburn embedding 



3.1 The q-Pascal method 

We diagonalize the Vandermonde matrix that describes the Wedderburn embedding in the 
Z[^TO]-hnear basis (c^, . . . , c™~-^) of Z[(^TO]C'm- More specifically speaking, we multiply with 
a lower triangular matrix Gq that records the q'-Pascal triangle, consisting of Gaufiian poly- 
nomials, from the right and with its transpose G* from the left. The resulting diagonal 
matrix is of elementary divisor form, regardless whether or not the ground ring Z[C„i] is a 
principal ideal domain. We derive the necessary identities firstly in a pedestrian fashion, 
yielding in particular a formula for G^^ , and secondly, as a consequence of F. H. Jackson's 
g-analogue (1910) of L. Saalschutz' theorem (1890). 

Notation 3.1 Let m > 1. The cyclic Wedderburn embedding is given by 



Cm 



nje[0,m-l] Z[Cr) 
(Cm)iG[0,m-l]- 



3.1.1 Pedestrian 



Notation 3.2 (Gaufiian polynomials) Consider the field Q(q') of rational functions in 
the indeterminate q. Given i > and j G Z and another indeterminate we let 

[l\ := (g'-l)/(g-l) 

Fife if ^-^[0'^] 
ifj^[0,z] 



i,je[0,m-l] 



In particular, [0]! = 1. If necessary, we indicate q as 
of size m X m be defined by 

Moreover, we let 

^ '■— (^jj)i,je[0,m-l] 



i 




i 






j 



Let the q-Pascal matrix 



i,je[0,m-l] 



Lemma 3.3 If i > 1 and j > 0, we have 



i-l 

i-1 

'i-l' 



+ q^ 
+ 



i-l 
j 

i-l' 
j 
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Moreover, 



Finally, 



{t; q)i 



(') 



Proposition 3.4 (Inversion of the g-Pascal matrix) 

We obtain the inverse of Gq to be 



j,A:e[0,m-l] 



Given 0<A;<i<m — 1, we need to show that 





j 




k 



J-k 

k„\ 2 



dik. 



We perform an induction on i — k. li i = k, we obtain 1 = 1. If i = + 1, we obtain 
= 0. If 2 > + 2, we obtain 



i>o 





j 


] 


k 



i-1 
j 



+ i:[r-i 
+ E[r-i 



i-i 

k 



j-1 



induction 



j>0 



The last term vanishes by subinduction on k, since if A; = we obtain 



j>0 



Lemma 3.5 We have 



We need to show that for i, A; G [0, m — 1] 



GqDq. 



iG[0,fc] 



k-j 
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We perform an induction on k, starting in case k = with 1 = 1. If > 1, we calculate 



je[o,k] 



k~l 
j 



je[o,k-i] 



+ J2 q'^i-'^y^'" 

je[o,k-i] 



k-l 

j 



k-J 



induction ^q^_qk-l^q\ 2 ^ _ i] , _ 



q(') [k]\{q - ly 



k-l 



Lemma 3.6 (Fourier inversion) We have V^^^V^-i = ml. In particular, reordering the 
rows of V^-i shows that 



(det Vc„ 



(—1) 2 if m is odd 

(— l)%^m™ if m is even. 



In fact, 



EjG[0,m— 1] CmC 



E/-{i—k)j 
j6[0,m— 1] Sm 



Corollary 3.7 (cf. [N 91, 8.6]) If m is odd, then Q(Cm) contains J (-1) — 



Proposition 3.8 

(i) We have the diagonalization 



the right hand side being a diagonal matrix with {i + l)st diagonal entry 



rri' 



Sm 



nie[l,i](l - Cm) 



where ? G [0, m — 1]. 
(a) We have 

(l/i)jG[0,m-l] 
^ njG[0,m-l] Z[Cri 



m 



je[i,m-l] 



nie[i,j](i - C 



-j— for i G [0, m — 1] 
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(in) A Z[Cm]-/mear basis of {Z[(rn]Cm)i^m is given by the following tuple of elements of 
Ilje[o,m-i] Z[Cm]- 



_m ] ^ 

n/e[i,j](l ~ c 



k 

2 j m 



Ad (i). This formula follows from ()3.51 13. 6|) . 

Ad (ii). A vector y = (yj)jg[o,m-i] is contained in the image of cOm if and only if yV^ 
has entries in Z[Cm]- But = G^^iD^ ~im ^, so this condition translates into 

yG^-iD^-im~^ to have entries in Z[(^m]; which is the defining condition given above. 

Ad (iii). This follows by Gl-^V. = m{D.-i)~\G.-i)-^ using (n01l!0|) . 
Remark 3.9 Because the derivative of 



^3 

je[0,»n-l] 



evaluated at 1 yields 

ni)=^= n (i-c)' 

the mth diagonal entry in ()3.8l i) equals Cm- This reproves in particular that all diagonal 
entries of ()3.8l i) are contained in Z[(^m]. 

Remark 3.10 Using ()3.9|) . for n > 1, p prime, m = p", the valuation at t = 1 — Cp" of 
the {i + l)th elementary divisor of cjpn, i g [0,j9" — 1], is given by 



Vt 



— (l — Cp" 

03 



in accordance with ()3.15|) below in view of ()2.3|) . 

3.1.2 Invoking g-Saalschiitz 

Following J. Stokman, we cite the 



Theorem 3.11 (Saalschutz, Jackson [A 76, 3.3.12] {})) Given n > 0, and further 
indeterminates a, b, c, we have 

V- (a;g)m(fe; q)m{q~'']q)m _ „ ^ {c/a; q)n{c/b; q)n 
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and specialize to the 

Corollary 3.12 (<^=^ l^3|l Given m > 1, we have 

V, = G,D,{G,f. 

Given i, G [0, m — 1], we need to show that 



ie[o,m-i] 



Substituting g by g ^, n by and specializing c and then h to zero (after rewriting the 
right hand side), and specializing a to g*, becomes 



(g-i;g-i) 



(1 - ■ ■ ■ (1 - q^-^+^) ■ (1 - gfc) ■ ■ ■ (1 - g^-^-+i) 



3.2 The general Vandermonde method 

To compare, and to recalculate elenientary divisors, we apply the method of section [1.21 to 
the localized cyclic Wedderburn embedding. 

Setup 3.13 Let p be a prime, let n > 1. In the notation of ()1.13p . we place ourselves 
in the situation S = Z(p), s = p, T = Z(p)[Cpn] and t = {} = 1 — ^^n. We consider the 
localized cyclic Wedderburn embedding 

z (p) [Cp" ] n J g z/p" z [Cp" ] 

where i G [0,p" — 1]. In the notation of (jl-Hl . and with respect to the Z(p)[Cpn] -linear 
basis ((1 — Cpn)*)jg[o,p"-i] of '^{p)[Cp"]Cp^ and the standard basis on the right hand side, 
this embedding is given by the Vandermonde matrix Vr for r := (1 — Cp")jG[o,p"-i]- 

Lemma 3.14 The tuple r := (1 — Cp")ie[o,p"-i] minimally ordered. 
Using ()2.2|1 . we need to see that 

E U-^M< E (k-m 

ie[o,i-i] ie[o,i-i] 



"'^In the left hand side summand of [A 76, 3.3.14], a factor (ab/c)^ " has been forgotten. 
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for j G [0,p" - 1] and k e [j + l,p^ - 1]. Write j = Ei>oaip\ k = Ei>oa'iP\ k- j = 
J2i>o (^iP\ where ai.a'i.a'l G [0,p — 1]. By (j2.3j) . we need to show that 

This follows from 

Proposition 3.15 Suppose given j G [0,p" — 1]. VKnte j = J2k>o'^kp'', ct/c G [0,P — !]■ 
r/ie (j + l)si elementary divisor of the localized cyclic Wedderburn embedding 

Z(p)[Cp"]C'p" ^ rijez/p" Z(p)[Cp"] 
Cp„ I >- iCp")jez/p" 

where i G [0,p" — 1], has valuation 

Y,{ak - ak+i){k + l)p'' 

k>0 

at t. 

This follows by (ITTlirT^ . using dSmQ, or by dSUDI), using (lOl . 

Remark 3.16 By H3.6|l . the square of the determinant of uJpr^ has vahiation np" at p. 
Alternatively, by (|3.15|l . we obtain the valuation at t of the determinant of this embedding 
to be 

(ai)ie[o,,.-i]6[0,p-l]", a„ = /e[0,ri-l] 
y/e[0,T!-2] a,6e[0,p-l] / \ ae[0.p-l] 

3.3 The Pascal method 

3.3.1 First order Pascal ties 

There are some obvious ties, i.e. congruences of tuple entries, that are necessary for elements 
of 0^6(0 p"-i] ^[Cp"] to lie in {Z[(^p^]Cp^)uJp^^ . If n = 1, they are already sufhcient, yielding 
a manageable basis of {Zi[^p]Cp)LUp. In general, they describe an intermediate ring between 
{Z[(p,.]Cp^)ujp^ and Uieio,,,-^-!] Z[Cp"]- 

Notation 3.17 Suppose given s > 0, a polynomial /(X) := J2i>o(^i-^^ ^ C[X] and a 
tuple {yj)jeiQ,s], Vj ^ C. We define the evaluation of f at {yj)je[o,s] to be 



J2aiX' [iyj)je[o,s]\ ■■= f [iyj)je[o, 



a^yj. 
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We note the difference between the polynomial power /* {yj)j^[o^s] (power of /, taken 

r 1 ^ 

in C[X], evaluated) and the ordinary power / (?/j)jg[o,s] (power of the evaluation of /, 
taken in C), z > 0. 

Let m > 1, let t = 1 — Cm- We consider the Z[Cm]-submodule Wj^^ of 



defined by the first order Pascal ties 



Wl'^ := {(%)jG[0,m-l] 


{{1-xy) 


(l/i)ie[o,m-i] 


=P for all i e [0,m - 1]| 


= {(%)iG[0,m-l] 


Sie[o,j](~l) 


^ (i) yj for all i G [0, m - 1]} 


— m 









Lemma 3.18 

(i) The image {Z[(m]Cm)i^m of the Wedderburn embedding IV. ij) is contained in Wl^\ 
(a) A Z[(m]-lii^GO-r basis ofWjjl^ is given by 

(Hi) The {i + l)st elementary divisor over Z[(rn] of the embedding C W^^ is given by 
V , i G [0, m — 1]. (In particular, Z[(^m] not being a principal ideal domain in general, 
there exist bases with respect to which the matrix that describes this embedding takes 
diagonal shape.) 

(iv) The Z[(„i]-linear determinant of the embedding Wj^^ C PF^^ is 

(1 - (l^y for all i e [0, m - 1] and all 



Ad (i). We have {{I - Xf) [(C^),e[o,m-i] 
I G [0,m- 1]. 



4)V (i) 



Ad (ii). Inverting the matrix A := , , 

^ ' \^ ' \ JJiG[0,m-l],je[0,m-l 

of elements (^m,i),e[o.m-i]' obtain A'^ := {^{-lyt-^ (i 



arising from the tuple 
. An element 



J>'ie[0,m-lj' - V Vyie[0,m-l], je[0,m-l] 

y is contained in the Z[Cm]-linear span of our tuple if and only if, y considered as a row 
vector, yA~^ is entrywise contained in Z[(^m]5 i-e. if and only if ?/ G 



In particular, we have the 
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Proposition 3.19 Let p be a prime. We have a factorization of the Wedderhurn embed- 
ding \3. 1]) into 

The factorization follows by ()3.18l i) . The isomorphism follows by comparison of ()3.18l iv) 
with (|3.6p . both yielding the valuation at t of the determinant of the respective embedding 
to be p{p — l)/2, and zero elsewhere. We remark that the elementary divisors resulting 
from ()3.18l iii) are in accordance with ()3.15p . 

Remark 3.20 (coefficient criterion) The tuple {yi)ie[o,p] G is contained in Wp^'' 

if and only if, writing =: Y.je[0jp-2\ VijC' > Vi.o ^ ^l, 

E {-ini){i)y.,^pQ 

iG[0,p-l], ie[0.p-2] 

holds for allO<v<u<p~l. 

An element Eje[o,p-2] ^jC^ = Ei,e[o,p-2] {j2jelo.p-2] (i)) iCp " l)^ e Z, vanishes 

modulo t" for u G [0,p — 1] if and only if J2je[Qp-2] (") ^ ^"-"^ ^ ^ [0,u — !]• It 
remains to plug in = Eie[o,p-i] (^) 

Lemma 3.21 Given < j < i, we have 

^m,j^m,i — (^i) j ) ( 1)'' ^m,i+ki 

ke[0,j] 

where we let ^rn,i '■= for I >m. In particular, W^^^^ is a subring ofW^\ 
We need to see that for Z G [0, m — 1] 

{-lyf (;.) ■ (-i)¥ (I) = E (i) (^?) (-ly-'t^-' • i-iy^H'^' (4,) . 

fce[o,i] 

We may assume i < I and reformulate to 

k>0 

which now follows from a comparison of coefficients in (1 + T)' = (1 + T)-'(l + Tf^^ at 

Remark 3.22 Let p be a prime, let n > 1, let m = (in particular, t = 1 ~ C,pn ). We 
dispose of ring automorphisms 

Z ] Cpr> ^:7^ Z [(pr. ] Cp n. 

Cpn *~ C,pn Cpn , 

and a'"' 

^(0) ^ 1^(0) 

(yj)jeZ/p" — " {yj+i)jeZ/p" 
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satisfying ujpna^J = apntOp^. Moreover, a^^) restricts to an automorphism a^^} of WpV , 
with operation given by 

£,p" ^jCtpn = Cp",i ~ ^Cp",j— 1 + '' (^^ ) Cp",p"— 1 

/or j e - 1], and by Cp^.o^p" = '?p",o(= l^yd))- 

For j G [1,^''^ — 1] and i G [0,p^ — 1], we have 

{{^lyt^ (])) - ^ ((-i)^-v-i (,-10) = (-1^^^ (^r ) > 

which we compare for i — — 1 with 

Cp.,p.-i = (o,...,o,(-if"-4J'"-i), 

whence the formula describing the operation of a'pJ . The valuation at t of the third coeffi- 
cient therein amounts to j + {n — Vp{j)){p — — (p" — 1). In case n — Vp{j) > 2, we 
obtain 

J + {n- vp{j)){p - > 2{p ~ > p" ~ 1. 

If n — Vp(j) = 1, we obtain 

J + in- Vp{j))ip - iK-i > + (p - iK-i > - 1. 
Hence ap^* restricts to an automorphism a^p} . 

Lemma 3.23 The factorization of the Wedderburn embedding maps 



fc 

fc 



/or i e [0, TO — 1], where we let O" = 1. 
In fact, 



((l-(l-C)P),.,[o,.._i] 



ie[0,m-l] 



which remains true for i = 0. 



3.3.2 Second order Pascal ties 

In this appendix to subsection 13.3.11 we shall indicate a method of how to continue the approach via Pascal 
ties. 

Let n >2, let p be a prime and let t = 1 — (pn . 

Lemma 3.24 Let s > I. For any i > 1, we have in Q[X] 



V i ((1 - (1 - xy)'' - iX'') e (X^+i^ 



ke\i,s] 
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This expression being contained in {X), it suffices to prove that its derivative is contained in (X*). In 
fact, 

k£[l,s] 

= E {{^ - i'i- - xy)''-h{i - xy-^ - ixf"-^) 

fcG[l,s] 

1 - {1 - {1 - xy)%, i-x^ 



1 -X 

Lemma 3.25 For this lemma, we allow n> I. Let 



' ' l-X 

{-{\-{i-xyy + x^). 



,fce[i,p-i] / feG[i,p-i] 



For any i € [0,p" — 1]; we have 



We also write shorthand 

7- E 



k 

fcG[l,p-l] 



In fact, 



\^Z^fee[i,p-i] y V * / ^fce[i.p-i] fc \^ t y 



0. 



^(2) „f w(l) 



We consider the Z[Cp7i]-subniodule WpJ of W^J defined by the second order Pascal ties 



for aU i e [0,p - 1] and aU j e [0,p""i - 1] | 



t3(p-l) 



where the congruence is to be read in Z(p)[Cp»i]. 
Lemma 3.26 

(i) The image (Z[^pn]Cpii)wpii of the Wedderhurn embedding \3.1]) is contained in W^} , 

fiij T/ie (i + jp + elementary divisor over Z(p)[(pn] of i/ie embedding {W^)(p) C (VFpn^)(p), 
i G [0,p — 1], J G [0,p"~^ ~ l]j given by . Moreover, the {i + jp+ l)th elementary divisor 

of the embedding (Wp^?)(p) C (l^j^?)(p) is given by t^^+^P'^+'^P-^y 
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(in) The valuation of the Z[(^pn]-linear determinant of the embedding W^J C W^J is given by 
p"{p"^^ — l)(p — l)/2 at t and by zero elsewhere. 

Ad (i). We have to take care of the coefficients calculated in (j3.23|l . For i e [0,p — 1], j G [0,p"^^ — 1] 
and h e [0,p" — 1] we obtain 

= fj(p-i) 0. 

Question 3.27 We do not know whether is a subring of . 

Specializing to n = 2, we obtain the 

Proposition 3.28 We have a factorization of the Wedderburn embedding into 



l-c^^ 



fee[o,p"-i]. 



The factorization follows by H3.2fil il. The isomorphism follows by comparison of H3.26I m) and Ij^.lSl iv) 
with H3.6|l . both yielding the valuation at t of the determinant of the respective embedding to be — 1), 
and zero elsewhere. We remark that in this case, the elementary divisors resulting from H3.26I ii) are in 
accordance with ()3.15|l . 



Example 3.29 Consider the case p = 3, n = 2, thus t = 1 — ^g, 7 = 1 + t/2. An element ^ 



is contained in if and only if, z = {^fc)fcg[o,81 considered as a row vector, it multiplies with 



fcS[0,8] 



1 




























"t« 





























1 





~1 






















t° 





























1 


-t/2 


-1 





1 
















fO 





























7 


-t/2 


-1 


t 


1 
















t-2 





























7 


-t/2 


-27+t^/4 


f 


1 
















t-2 





























7 


-t7 




t 



















t-2 





























7 = 


-t-y 


-27+t2/4 






















t-* 





























7= 


-t7 

























t-" 





























7= . 




_ 























t-* 



to a vector entrywise contained in Z(3)[f9] 



3.4 Comparison of methods in an example 

5, in which the cychc Wedderburn embedding 



Example 3.30 Consider the case m 
becomes 

Z[C5]C5 

C5 



nj6[0,4] ^[Cs] 
(C5)j6[0,4]- 



Let t = 1 - Cs- 
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(i) The g-Pascal method ()3.8I iii) yields the Z[^5]-hnear basis of (Z[C5]C5)ti;5 given by 
the rows of 

5 

4 + 3C5 + 2CI + CI -4-3C5-2CI-CI 

2 + C5 + 2CI -1-C5 + 2CI 2C5 + CI + 2CI 

2 + C5 + CI + CI -2-CI-2CI 3 + 3C5 + 2CI + 2CI Cl-Cl 

1 -1 + C5 + CI -2-C5-2CI + CI -3CI-CI Cs 



(ii) The general Vandermonde method yields the Z[C5]-linear basis of {7i[C,^]C^)uj^ 
given by the rows of 

"ill 1 1 " 

o(C5-i) (Cl-1) (Cl-i) {CI -I) 

(C|-i)(C|-C5) (C|-i)(C|-C5) (C|-i)(a-C5) 
(CI - 1) (CI - C5) (CI - CI) (CI - 1) (CI - C5) (CI - CI) 

(C|-i)(C|-C5)(C|-Cl)(C|-Cl) 



(iii) The Pascal method ()3.18l ii. r3.19p yields the Z[C5]-linear basis of (Z[C5]C5)ti;5 given 
by the rows of 



^5,0 


1 


1 


1 


1 


1 


^5,1 





-t 


-2t 


-3t 


-At 


^5,2 








e 


3t2 




^5,3 











-t^ 




^5,4 


_ 














But this method works only for m prime (and for m = p^, but less simply). 



4 The radical series of {WpJ)(^p^ 

Let r be a discrete valuation ring with maximal ideal generated by t and residue field 
k = T/tT. Let A be a subalgebra over T of a direct product of m copies of T such that 
its embedding into this product has torsion cokcrncl. The dimension over k of the radical 
layers r'A/r*+^A stabilizes for large i at m [Kii 99, E.2.3]. On the other hand, the surjection 

rA/r^A^jfer'A/r'+^A — - x'+^A/v'+^A 

induced by multiplication yields the bound 

(dimfcrA/r2A)(dimfer''A/r''+iA) > dimfc(r*+iA/r*+2A). 

The question is the behaviour of this sequence of dimensions dimfc(r*A/r*+^A). The ring 
WpV introduced in H3.17|l . localized at (p), yields some example material. 
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Notation 4.1 Let p be a prime, let > 1 and write t = 1 — (pn. For z G Z, denote 
i := max(0,i). Given an integer i > 0, we write it as i = J2j>oO'jP' with aj G [0,p — 1] 
and denote its p-adic Quersumme by qp{i) := I]j>o%- 



For a,b,m > 0, we let 



\ie[0,m] / b>0 



That is, (l) denotes the number of of choices of b balls out of a different balls with each 
ball chosen at most m times, disregarding the order in which we choose. 

In particular, = The sequence {(j,^ )m>o becomes stationary for m > 6 at the 

value (^°'^b~^^- We have the recursion formula 

{r) = E (A) > 

ie[o,m] 

where we let ( " ) := for c < 0. Furthermore, plugging in T = 1 in the definition yields 
Proposition 4.2 

(i) The Z(^p)[(pn]-order {Wpl^)(^p) is a local ring, with simple module Fp acted upon iden- 
tically by and trivially by ^pn^i for i E — 1] (cf. 1,7. i (SI ii). I.e. 

<wi%p,-^ = {wi^)^p)nt{wl^\p) 

(a) For z > 0, the ideal r*(W^pn^)(p) is 7i(^p-)[(pn] -linearly generated by the tuple 



(t^^^pn 



/je[o,p"-i] 

In particular, for i > n{p — 1) we have r*"'"^(W^pn'')(p) = tx^{Wpl^)(^p^ (cf. [Kii 99, 
E.2.3]). 

(Hi) On the quantitative side, we obtain for i > 

/p.,:=dimp^r^(l^p«)(p)/r^+i(W^p«)(p)= ^ (^) ^. 

iG[0,i] 

Ad (i). On the one hand, the quotient of the respective Z(p)[^pn] -order modulo the ideal 
claimed to be its radical is a simple module. On the other hand, this ideal is nilpotent 
modulo t. 

Ad (ii). We abbreviate := x\wl^)i^p) for i > and perform an induction on z, the case 
of z = 1 being true by (i), and a basis of rA being given by {t^pn-fi, ^p^,i, ■ ■ ■ , ^p",p"-i)- Note 
that for < 6 < a, the binomial coefficient (j,^ has valuation p"'~^(gp(a — 6) + gp(6) — gp(a)) 
at t. 
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We claim that r ■ r* ^ is contained in the span of the given tuple. 

The set tC,p^fi-x''~^ is contained in this span. Moreover, by ()3.21|) . we obtain in case 1 < j', 
< J < /, ' 

So it suffices to show the inequahty 

Vt{{'+';-'))+^^]^:qp{J)_ + s > i-qp{j+f-s) 

= ^ - qyU) - qpjf - s) + 
for s G [0,j], whence in turn it suffices to show that 

(1 - p'-nvt{{^^';-')) -1 + S + q,{f -s)>0. 
But we have s > 1 or (s = and qp{j') > 1). 
Furthermore, ()3.21|) yields 

(**) ip-At^^^^p-,) = t^^^^ E (0 i^T') i-^rt%w-s- 

se[o,j'] 

in case I < j' < j- So it suffices to show that 

Ai'l) + qp{j) + s> i- qpjj+f - s) 

for s G [0, j'], whence in turn, dropping a factor p^~^, it suffices to see that 

{{qp{f-s)+qp{s)-qp{j')) + {qp{j-s)+qp{j')-qp{j+f-s))^-qp{j)+qp{j+j'-s)+s-l > 0. 

For s > 1, we see that both in case (*) and in case (**), the corresponding summand is 
even contained in tr*~^. 

We claim that r ■ r*~^ contains the given tuple. 

First, we note that f ^ = (t^^n q)\ Moreover, by the summandwise argument 

above concerning (**), we dispose of the congruence 

in case I < j' < j. In particular, given j G — 1] such that j[p] < j — j[p], i.e. such 
that j is not a power of p, we obtain 

^p",Ap]\'' ?p"j-j[p]J — 1^ \j[p])^P"J ' 

and it remains to note that ^^p((jfp])) = 0. 
Furthermore, for m G [0, n — 1] we have 

f {f i-T'-lpiO) (: \ _ + i-1pip"') (: 

i;pn^prn\l ^p" ) — I ^p" .p™ • 

Ad (iii). Concerning the dimension of the ith radical layer, we calculate 

#{A; G [0,p- - 1] I qpik) = j} = #{(aOie[o,n-i] e[0,p- 1]" | Eielo,n-i] = j} 
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Remark 4.3 The inequality mentioned in the introduction to this section reads Zpi>,i-Zpii.i > 
lp'\i+i for i > 1. By H4.2l iii'). this translates into the assertion that 

For p large, this follows from 



n+i+1 _ (rt+z)! 
— i+1 n\i\ 

= Sj6[0,i+1] (j)p-l • 

Example 4.4 T/ie sequence {lsi,i)i>o is given by 

1, 5, 15, 31, 50, 66, 76, 80, 81, 81, ... 

5 The absolute cyclic Wedderburn embedding 

Once given the Kervaire-Murthy puUback, a closed formula describing the image of the 
absolute Wedderburn embedding can be derived in a straightforward manner (|5.14l 

5.1 An inversion formula for Q(7p« 
Let p be a prime and let n > 1. 

Lemma 5.1 The inverse of the absolute Wedderburn isomorphism 



II I II, „ 

A:e[0,n] 



Cpn I «- (Cpfc)fcG[0,n] 

is given by 

-n- ''^Q^p" 

n QiCp''] QCp" 

fcG[0,n] 

(E2/fc.»c>)fcG[o,n] ^ p^^'E E E Cpt^^' - ^ /~^2/fc,» E 4"^^' ' 

_ ^ "E*^?" E ^''^ E [Vk^i-jp^ ~ yk+l,i-jp'^ 1 
ieTs fce[0,n] jG[l,p"-'!] 

where y^^i G Q and where yn+i,i '■= /or z G Z. VFe a//ow 'non-reduced' expressions for 
elements in Q(Cpfe); merely requiring y^^i = /or all but finitely many i G Z. 
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We denote the absolute Wedderburn embedding, i.e. the restriction of iUQ,pn to TiCpn, by 

fcG[0,n] 

By (jH.fjj) . the inversion formula over Q(Cp") reads 

Q(Cp")C'p" JJ^ Q(Cp") 

je[i,p"] 

Cp" I ^ (Cp")jG[l,p"] 

p"" I] 4" I] ^»Cp~"^ ^ (yi)i- 

je[i,p"] ie[i,p"] 

We precompose the inverse direction with the direct product of the maps 

Q(CpO — n Q(Cp") 

aeGal(Q(Cj,fe)/Q) 

X I — ^ (a;cr)o- 

over k G [0,n], where the position of the Galois automorphism corresponding to z G 
(Z/p'^)*, represented by i G is to be identified with the position ip"-~^ G [l,/?*^]. 

If I G [l,n], the image of {di^k)k£lo,n] ^ Ilfcelo.n] Z[Cpfe] under this composition is 



ie[l,p"] ie[l,p"], ■(;p(i) = n~l 

p " E 4" E ''P" 

je[i,p"] ie(z/pi) 



p" 



-up" ' 



Vie[i,p"], »;p(j)>« ie[i,p"], t;p(j) = «-i 



V \je[i,p"-'] J \ie[i,P"-'+i] 
If / = 0, it is ^ c^n. The inversion formula follows by QCpn-linearity of cuq^pi. 

iG[l,p"] 

5.2 An inversion formula for QCm 

Let m > 1. Writing d\m stands for d > 1 and m G (rf). The letters p and g are reserved 
to denote prime numbers. We denote by k[p'] := k/k[p\ the p'-part of an integer k > 1. 
Given a finite family of groups (G'j)jg[i / > 1, there is a ring isomorphism 

ie[i,«] je[i,;] 

(^i)i ^ ■■= 9i®---®9i- 
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For p\k we denote by Sk,p a representative in Z of the inverse of k\p'] in (Z//c[p])* to obtain 

Ck - 



Ck 



p\k 

{Ck[p])p\k 



Jp 



and 



z[a] 



-^k[p])p\ki 



(8)z[a[p]] 

pifc 



A;[p] /p[fe 
p|fc' 



/'A A® 



We use these isomorphisms as identifications. 

We consider the absolute Wedderburn isomorphism 



QC*„ 



d\m 

(Cd)a!|m 



and its restriction, the absolute Wedderburn embedding 

dim 



Remark 5.2 The embedding uJz,m identifies with 0p|m'^z,m[p] the sense that the iden- 
tifications yield an isomorphism of embeddings 



d\m 



0p|mZCm[p] '^llm ^ 0p|m H '^[Ce 

e|m[p] 



On both ways, Cm is mappped to {Cd)d\r 



We factorize cUq^^ along identifications m and w into 



nQ(o)^(8) n Q[cj 

p\m \d\m[p] 



Q,Cm[p] QCr? 



d\m 



p\m 



V being the tensor product of the inverses of the absolute Wedderburn isomorphism be- 
longing to the respective prime part (cf. I5.2|) . 
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For e\m and a prime p\m, we abbreviate the element 



j£Z/m[p] 



e[p] 
m[p] 



E 



c, 



ie[p] 1 



E 



c, 



.ie[p]/p 



Vez/(^) 



for fp(e) = 



for Vp{e) > 1. 



Suppose given an element ad{cm) = E '^(^.^'^m ^ QC'm for each (i|m, representing arf(Cd) 

ieZ/m 

EiGZ/m a<i,iO- Using QC^-linearity, we obtain 

) ■ {de,d)d\mUVW 
= Ee|mOe(Cm) " ((c^e[p],d)d|m[p] j^i^ "^W 

Se|m '^e(Cm) riplm /e,p(c^"''' ^^^). 



We write 



fe,pi,^m J 



E f(i,P,3^m 
j&7./m[p] 



and continue to calculate 



e\m"'e\^m)Y\.p\m fe,p{,Cy^'^ ^^^) '^e\m'^i£Z/rn^e,iCmY\p\m'^jeZ/rn[p]fe,p,jC: 

~ X]e|m SieZ/m ^e.iCm SfceZ/m Ilplm, fe,p,k 
~ '^leZ/rn^m '^e\m'^keZ/m ^e,l-kY[p\m fe,p,k 

If A is a condition which might be true or not, we let the expression {if A} take the value 
1 if A holds, and if A does not hold. Given d\m, we let d'\m be defined by 



Vp{d') := max(t>p((i) — 1,0) 



for p\m. We rewrite 



f , = 

J e,p,k mlp] 



{if e[p\\k] - i{if p|e[p]}{if e[p\\pk] 



to obtain 



Ilp\mfe,p,k = ^Up\m [{if e[p]\k} - i{if p|e[p]}{if e[p]\pk} 



n 

j)\e, e[p]=pk[p] 



n (1-^ 



.P|e, e\p]\k[p] 



Proposition 5.3 (inversion formula) The inverse of the absolute Wedderhurn isomor- 
phism 

d\m 

Cm I {^Cd)d\m 



34 



maps {ad{Cd))d\m, written using representing elements ad{cm) = ^ (^d,icln ^ QCm, to 

ieZ/m 



- y 



l€Z/m 



d 0'd,l-kd' 
d\m fcGZ/(2i) 



n 

p\d, pj(k 



P. 



n 

p\d,p\k 



1-1 



where Vp{d') := max(t>p((i) — 1,0). 



But these inversion formulas (|5.1I I5.3|l arc not suited for giving convenient ties that describe 
the image of the absolute Wedderburn embedding, for in neither case they yield a triangular 
system of ties, i.e. of congruences of tuple entries. 



5.3 The Kervaire-Murthy pullback 

Let p be a prime and let n > 1. 



Lemma 5.4 Let k G [l,n]. Writing 

MX) := - J2 {p-i-t)x^p'-' 

ie[0,p-2] 

gf^{X) := (-(p""''+^-p(« + l))X^f'+p'"' + (p"-'^+i-p(i + l) + l)X^p'), 

we obtain 

MX) ■ I n %^ix)] +gk{x) ■ %.ix)=p--'^K 

We expand 

Mx)-( n 

= - (E^elo,p^2]ip - 1 - ^)X^p'-') {{XP'-' - 1) E.e[o,p"--i] X^^') 

= - (Ei6[i,p-i](p - ^)^'^'" - E^elo,p-2]iP - 1 - ^)X''P''') (Eie[o,p"-^-i] X^p") 

= — y^P + Eie[o,p-i] X^P ) (j2ie[o,p"-''-i] X^P ) 

= P (Eje[o,p"-fe-i] X'-P — (j2ie[o,p"-''+i-i] X'-P ^ . 
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Then we calculate 



(Eie[o,p"--i] -P{i + + (^"-^=+1 -p{i + 1) + 1)X'P')) 

■ (Eje[o,p-i] X^^" ') 



— ~ Sie[o,p"-*-i 

+ SielO.p"-*-! 

+ Sie[o,p"-*-i 

— ~ Sie[i,p"-*^-i 



E,g[o,p-i](p"-'+' - + 1) + 



„fc-i 



Lemma 5.5 Writing 



we obtain 



We expand 



ie[0,p"-2] 



n +^o(X)-$,o(X)=p". 

^ie[0,n]\{0} 



^o(^) • %o{X) = - fE.e[o,p-2](p" - 1 - O^^j (X - 1) 

= - (E.e[i,p"-i](P" - + (Sie[o,p"-i](p" - 1 - 

= - (Eie[o,p"-i] +P'^- 

Proposition 5.6 (Kervaire, Murthy [KM 77, §1]) Let k > 1. There is a pullback 
diagram of rings 



ZCpk 



r 



Ck I- 



FpCpfc-1 



c„k-i- 



Given a commutative ring A containing ideals a and b, there is a pullback diagram 



A/an b- 



A/b 



A/a A/a+b. 
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Hence, letting A = Z[X], a = (<l>pfc(X)), b = (X^" ' -1), we need to show that (<l>pfc(X))n 
{XP'~' - 1) = {XP' - 1) and that (V(X),Xp''' - 1) = - 1). The intersection 

follows from the analoguous assertion in Q[X], using Z[X]f{X) = Z[X] fl Q[X]f{X) for 
a monic polynomial f{X) G Z[X]. The sum follows by 

i%,{X),XP'~" - 1) 1* (p, %,{X),XP'~" - 1) = {p, {X - (X - If'"'). 

Corollary 5.7 T/ie index of the absolute Wedderhurn embedding U'^^p-n is given by 

# n FpCp.-i=p^. 

ke[l,n] 



Corollary 5.8 Form > 1, the index of the absolute Wedderburn embedding ujz,m is given 
by 



This follows from (jS.Tj) using ()5.2p . 



Remark 5.9 For fc > 1, we let denote the absolute value of the discriminant of 
over Z. We take from [Kii 99, S 1.1.2] that the index of uj^.m is given by 



A comparison with (|5.8|1 allows to re-calculate A^- First we remark that the inverse of the 
Dedekind isomorphism 

Q(Cm) ® Q(Cm) 4^ UjeiZ/mrQiCm) 
Cm ® Cin I ^ (CmCm)ie(Z/m)*, 

where /c, / £ [0, (^(m) — 1], is given by 

n,G(Z/m)- Q(Cr») ^ Q(Cm) «) Q(Cm) 

(2/i)jG(Z/m)- I ^ "1-1 ^ yjC~'^ ® Cm- 

iGZ/m ^'G(Z/m)* 

In particular, its restriction to the Dedekind embedding 

j6(Z/m)* 

has a cokernel annihilated by m. In particular, the prime divisors of A„j divide m. We infer 
that for p I TO 

^ «p(A,)-^i;p(Arf)'Pm[p']('i;p(m)TOH-2 ""^^^ " ^ 



d|m, '(jp((i)>l d 

Given d > 1, we denote 

djp] 
p 



p-i 



d) ^ - 1) - l) ■ ipid[p']) 
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and obtain 

J2 n{p, d) = {'"p(d){p - 1) - 1) • mp']) 

d\m, Vp{d)>l (i|m, Vp{d)>l 

iS[l,t>p(m)] d\m\p'] 

= {vp{m)m[p] - 2 '"j'j~^ ^ ■ m[p'] , 

whence by induction on m, we get Vp{i^m) = u{p,m), i.e. the absolute value of the 
discriminant is 

A TT ^^pM(p-i)-i)^("^b']) 
5.4 Kervaire-Murthy ties for ZCpn 

Let p be a prime and let n > 0. Given j E Z and k >l,we let [jj^ e [0, A; — 1] be defined 
by \j]k =k j- For a,b,ceZ and a < 6, we let X[a,6](c) := 1 if c e [a, b] and %[„,&] (c) := if 
c ^ [a, 6]. 

Let l^(Z) be the abelian group consisting of sequences x — {xj)j^z with entries xj e Z 
such that the support 

x:^{ieZ\xi^O}CZ 

of positions carrying nonzero entries is finite. For i > 0, m > and s > we shall define 
a Z-hnear operator I^"'* : 1^{Z) — - [^(Z) (which we write on the left). 

Suppose given j G Z. If i > m, we let 

(X™'*a;) := X[o,p<-i](i) • E^blj,i-m-P*-"'+V+''- 
■' kez 

If i < m, we let 

(tI^'^x), := 0. 

We note that 

fcez 

Lemma 5.10 

(i) Given a, b, c,d,s,t > such that b — a<d — c<b + s<d. Then 

rpa,S rpC,t cl—b—srpa,d—b+t 

° -'-d — P ^b 

(a) Given a,b,d, s > such that b + s < d. Then 

rpa,S rpO,0 rpa,S 

^b ° -^d — ■ 



38 



Ad (i). We may assume < b — a. Given j G Z, we obtain 



fcez 



feez 



Ad (ii). The operator T^"'** is invariant under sequence shifts by p^~^^, hence under sequence 
shifts by p"'. 

Lemma 5.11 Given m > 1, / G [l,m] and a>0, we obtain 

E l~l-irpa,l~l-i /rpOfl _ rpl,0 \ _ rpa,0 _ lrpa,l 

P m—l y-'^m—i -'^m—ij m—l P m—l' 

ie[o,«-i] 

In fact, 

E^l-l-irpa,l-l--i frpOfi _ rplfl \ ^!M}, ") l^l^irpa,l-l-i _ l-irpa,l-i 

P -'-m-l " l-^m-j -^m-J " P -'^ m-l P -'^ m-l 

ie[o,i-i] ie[o,/-i] ie[o,i-i] 

— ^l-irpa,l-i Sr^ l-irpa,l-i 
jG[l,/] ie[0,«-l] 

_ rpafi _ lrpa,l 

— -'-m-l P -'^ m-l- 

Lemma 5.12 For x = (xj)jgz G ^^(Z) and I > 0, we denote 

X * Cp' '■= X! ^i^p' 
iez 

anc? obtain 

x*Cpi = ((T°'° - r/'°)x) * Cpi- 
We claim that (T/'°x) * Cp' = 0. We may suppose / > 1 to calculate 



Z^fcez J2he[o,p'-^-i] J2ie[o,p~i] ^[h+ip^-^^^i^x-p^-^+kp^Cpi 

J2kez I]/ie[o,p'-i-i] ^h-pi-^+kpKpt J2ie[o,p-i] Cpi 
0. 



h+ip 
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Lemma 5.13 Forl>l,s>0 and j G Z\[0,<^{p^) - 1], we have ((T°'' 
In fact, 

' ^)(p-l)p'~i+i ~ S^fcGZ 3;[{p-l)p'-i+j]pi_i-p'-i+fcp'+'' 
= (^°' ^){p-l)p'-i+j 

for j G [0,p'"^ - 1]. 



Theorem 5.14 The image of the absolute Wedderhurn embedding is given by 



Vie[o,v5(pO-i] 



iG[0,n] 



for / G [l,n] and j G [0,v9(p" — 1] we have x„-_ij =pi ^ 



j6[0,Z-l] 



5Z (^n-'i,j-p"-'+A;p"-i~' (1 di^n)x 



fc6[l,p-l] 



for / G we have Xn-i =pi P^~^'' " 

iG[0,«-l] 

^ n z[Cp«]. 

«G[0,n] 



This system of ties is of triangular shape. In particular, the elementary divisors of uz^p" 
over Z are given by with multiplicity ip{p^^^) for i G [0, n]. 

The second description being true if n = 0, we perform an induction on n. We see by (|5.6p 
that (xi * CpM . ^ n ^[Cp*] is contained in (ZCpn)u;z,p" if and only if the conditions 



ie[0,n] 



(a) and (b) befow hold. To formulate (b), we shall make use of ()5.12j) . 



(a) The tuple (xi * (pi) is contained in (ZCpn-i)c<Jz p"-i. 

V '^7 iG[0,n — 1] 

(b) We have 



(((7;°'°-T/'°K)*C 



Condition (b) in turn holds if and only if the conditions (ba) and (bb) below hold. To 
formulate (ba), we use ()5.13p . To formulate (bb), we shall use that by induction, the 
description is valid in case n — 1. 



(ba) We have (T°'° — Tl'^)xn =p Xi for i G [0, n — 1]. 
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(bb) We have 

V^(n-l)-« ^ (n-l)-l) -^ri 

F V^(n-l)-/ ^(n-l)-/^ V^(n-l)-i {n-l)-i ) 

ie[o,/-i] 

ie[o,z-i] 

for / G - 1]. 
By ()5.1H) . we may equivalently reformulate to 
(bb) We have 

ie[o,i-i] 

for / e [1, n - 1]. 

Shifting the indices i and / by one, we may in turn equivalently reformulate this assertion 
to 

(bb) We have 

je[o,/-i] 

for / e [2,n]. 

Adjoining condition (ba) in case i = n — 1, we obtain the necessity of the claimed set of 
ties. 

Conversely, we may use (jS.lip to see that 

for i > I, whence the reduction of (bb) to the modulus p suffices to conclude that (ba) 
holds in all its cases. Moreover, condition (a) follows by induction assumption and by 
reading (bb) modulo for / G [2, n], thus discarding the summand for i = 0. Thus our 
claimed set of ties is also sufficient. 

To see that the second description agrees with the first one, it remains to show that 

for / G [1, n - 1], i G [0, / - 1] and j G Z\[0, ^(p"-') - 1]. But this follows from ^J^. 

Remark 5.15 It might be worthwhile to try to give an ad hoc proof of H5.14() by verification 
of the ties on the image of the canonical group basis of ZCp" and by a comparison of indices 
- which we have not attempted to do. We preferred to proceed in the straightforward 
manner as above since, in this way, the role of the Kervaire-Murthy puUback (|5.t)|) remains 
visible. 



T, 



1,1 

(n-l)-l 



{n-l)-l J ■^(n-l)-i 
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Example 5.16 Let p 



3. We obtain 



ZC3 



zc. 



27 



E 



fce[o,i] 



X XQfi 

X 



2^0,0 =3 2^1,0 + 2^14 



} C Z[C3] X Z 



X Xo^o 



=3 2^2,0 
=3 2:2,1 



2:2,3 
- 2:2,4 



2:2,2 
2:2,2 



2:2,5 
2:2,5 



=9 3(0:2,2 + 2:2,5) + (2:1,0 + 2:1,1)} C Z[C9] X Z[C3] X Z 

2;2,fcC|) X (E/c6[0,1] ^i,kCi) 



{ (Efce[0,17] ^3,fcC27j X (^Efce[0,5; 
2:2,0 =3 2:3,0 + 2:3,9 - 2:3,6 - 2:3,15 
2:2,1 =3 2:3,1 + 2:3,10 - 2:3,7 - 2:3,16 
2:2,2 =3 2:3,2 + 2:3,11 - X3,8 - 2:3,17 
2:2,3 =3 2:3,3 + 2:3,12 - 2:3,6 - 2:3,15 
2:2,4 =3 2:3,4 + 2:3,13 - 2:3,7 - 2:3,16 
2:2,5 =3 2:3,5 + 2:3,14 - 2:3,8 - 2:3,17 

2:1,0 =9 3(2:3,6 + 2:3,15 - 2:3,8 - 2:3,17) + (2:2,0 + 2:2,3 - 2:2,2 - 2:2,5) 
2:1,1 EEg 3(2:3,7 + 2:3,16 - 2:3,8 - 2:3,17) + (2:2,1 + 2:2,4 - 2:2,2 - 2:2,5) 
2:0,0 =27 9(2:3,8 + 2:3,17) + 3(2:2,2 + 2:2,5) + (2:1,0 + 2:1, l)| 
C Z[C27] X Z[C9] X Z[C3] X Z. 



X 2:0,0 



5.5 Kervaire-Murthy ties for ZC^ 

Let m > 1. We maintain the notation of section 15. 2[ Suppose given an inclusion of 
commutative Z-orders ACT that has, as an inclusion of abelian groups, a cokernel F/A 
which is finite as a set. Let the naive localization A[p] p be the kernel of the composition 
r — «-r/A — ►(r/A)(p) (cf. [Ku 99, D.2]). since A[p] r = F fl A(p), intersected as subsets 
of F(p), the naive localization A[p] r is a suborder of F of index {^{T / K))[p\. We have 
A(p) = (A[p]_r)(p). Moreover, 

A = nAH,r. 

V 

Note that if A(p) = F(p), then A[p] r = F. 

Lemma 5.17 Given inclusions of Z-orders A C F and A' C F', we obtain an equality 

(A (g) A')[p] jcgr' = A[p],r ® A'^ir- 

as subsets o/ F ® F'. 
In fact, flatness yields 

Ab],r ® A[p],r' = (Ab],r ® A(p)) n (A[p],r ® F') 

= (A ® A')(p) n (A(p) (g) F') n (F ® F') 
= (A® A')[p],r®r'. 

Letting 

(ACF):= {{ZCmip])u;z,miP] ^ U ^IQ) 

e\m[p] 

(A'CF') := {{ZCmip'])u;zMp'] ^ 11 Z[C/]), 

f\m[p'] 
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we obtain 



(A® A')[p],r«5r' ™ A 



A® r 

= nA®z[o] 

/|m[p'] 

^ n fnz[Ce] 

/|m[p'] \e|m[p] 

= n nz[Ce/] 

/|r?i[p'] e|r?i[p] 



z[C/] 



We could not do better than to argue with a Z-hnear basis of Z[C/]. This lead to the 
'non-canonicar representation of an element of Z[(^d], d\m, that is used in the following 



Proposition 5.18 Suppose given an element 



VOp)p|denp|d[0'^{'^W)-i] 



/ d\m 
^ d\m 



where Cid,{jp)p^a ^ Z. This element is contained in the image of ujz,m if and only if for each 
p\m, for each f\m[p'] and for each tuple {jq)q\f, jq € [0, — 1], we have 

«e/,ipX(i,),|^.C? e (ZC„[p])u;z,m[p], 

where jp x {jq)q\f denotes the tuple that has entry jp at position p and jq at position q for 
q\f . Thus we may employ \5.14}) - 

Example 5.19 We have S6.2 — I7 se.a = 2 and si2,2 = 3, S12.3 = 1. The element 
(ai, (,,,)) X (a2,(o,,)) X (a3_(,_o) +a3,(.a)C3) x (a4_(o^,) + a4,(i^,)C4) x (a6,(o,o) +a6,(o,i)C6) 

X (ai2,(0,0) + ai2,(0,l)Cl2 + 012,(1, 0)Cl2 + ai2,(l,l)Cl2), 

the symbol • indicating a non-existing entry, is contained in (ZCi2)wz,i2 if and only if 

X (04,(0,.) + 04,(1, .)C4) G (ZC4)cJz,4 

X (ai2,(o,o) + ai2,(i,o)C4) G (ZC4)i:i;z,4 

X (ai2,(o,i) + ai2,(l,l)C4) S (ZC4)wz,4 

X (a3,(.,0) + a3,(.,l)C3) G (ZC3)wz,3 

X (a6,(0,0) + a6,(0,l)C3) G (ZC*3)wz,3 

X (ai2,(0,0) + ai2,(0,l)C3) G (ZC3)uJz,3 

X (ai2,(l,0) + ai2,(l,l)C3) G (ZC3)wz,3- 

X (64,0 + &4.1C4) is contained in (ZC4)a;z.4 if and only if 

^2,0 =2 ^4,0 — ^4,1 
^1,0 =4 264 1 + 62,01 

and an element (61,0) x (63,0 + 63,iC3) is contained in (ZC3)a;z,3 if and only if 

^1,0 =3 ^3,0 + &3,1- 



(fll, (.,.)) X 


(«2,(Q,.) 


(03, (.,0)) X 


(^6,(0,0) 


(a3,(.,i)) X 


(^6,(0,1) 




(«!,(•,•) 




("2,(0,.) 




(«4,(0,.) 




(04,(1,.) 


element (61,0 


) X (62,0 
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Remcirk 5.20 Kleinert gives a system of ties that describes the image of the absolute 

Wedderburn embedding ZCm Y[d\m Z[Cd] iii terms of certain prime ideals of Z[Q], dim, 
in case m is squarefree [Kl 81, p. 550]. 
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